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TurbulenceAbstract As boundary layer transition plays an important role in aerodynamic drag prediction,
the proposal and study of transition prediction methods simulating the complex flow phenomena
are prerequisite for aerodynamic design. In this paper, with the application of the linear stability
theory based on amplification factor transport transition equations on the two-equation shear stress
transport (SST) eddy-viscosity model, a new method, the SST-NTS-NCF model, is yielded. The new
amplification factor transport equation for the crossflow instability induced transition is proposed
to add to the NTS equation proposed by Coder, which simulates Tollmien–Schlichting wave tran-
sition. The turbulent kinetic energy equation is modified by introducing a new source term that sim-
ulates the transition process without the intermittency factor equation. Finally, coupled with these
two amplification factor transport equations and SST turbulence model, a four-equation transition
turbulence model is built. Comparisons between predictions using the new model and wind-tunnel
experiments of NACA64(2)A015, NLF(2)-0415 and ONERA-D infinite swept wing and ONERA-
M6 swept wing validate the predictive quality of the new SST-NTS-NCF model.
 2016 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
With the development of experiment technology, the details of
boundary layer transition flows had been researched and
revealed very well.1,2 In the meantime, the compatible wayfor engineer application-computational fluid dynamics
(CFD) method, is gradually applied and developed for the
drag prediction of boundary transition for the aerodynamic
design of aircraft. Prediction of boundary layer transition is
an important part in the simulation of boundary layer flows
because lift and drag are significantly influenced by the transi-
tion locations. In 2D boundary layers, bypass transition, lam-
inar separation bubbles and Tollmien–Schlichting (TS) wave
always lead to transition. But in 3D boundary layers, crossflow
instability usually play an important role in triggering the tran-
sition, especially for the swept wing with large swept angle.
The prediction of transition phenomenon has an important
meaning for aerodynamic calculations. Therefore, it is
necessary to study and establish a new method to simulate
these transition phenomena. To predict these phenomena
Transition study of 3D aerodynamic configures using improved transport equations modeling 875numerically, an appropriate approach would probably be large
eddy simulation (LES) or direct numerical simulations (DNS).
But these methods cost huge computational resources. So it
could not be used in engineering application.
In recent years, many methods were proposed to predict
boundary layer transition based on Reynolds average
Navier–Stokes (RANS) method. A model for bypass and nat-
ural transition prediction using the laminar kinetic energy
transport equation was proposed by Walters et al.3–5 In
2004, Langtry and Menter developed the c Reht
correlation-based transition model6–8 using local variables
which are coupled with Menter’s two-equation k-x shear stress
transport (SST) turbulent model.9 This transition model,
which could predict the natural transition, laminar separation
transition and the bypass transition, is widely applied in engi-
neering field.10,11 But these methods could not predict the
crossflow instability induced transition.
In aviation field, a widely used method in applied aerody-
namics is the eN method which is based on linear stability anal-
ysis, specifically the eN method proposed by Smith and
Gamberoni12 and Van Ingen13. The eN method14 is basically
designed for 2D boundary layers and can be extended to 3D
boundary layers, but it still exhibits some deficiencies. A major
disadvantage of this method is that the N-factor, which is
responsible for a critical amplification of linear disturbances,
has to be fit to each test case. Additionally, the application
of the eN method for a RANS code is complicated due to
the fact that some non-local variables need to be solved. Inte-
gral boundary layer quantities are gradually solved by some
other local variables.
In 2013, the streamwise amplification factor equation15 for
TS wave instability has been applied to the Spalart–Allmaras
(SA) one-equation eddy-viscosity model16. The equation was
validated by using many configurations in Ref.15 But this
model is still under development and not impeccable for the
crossflow instability induced transition on swept wings. In this
paper, the Falkner-Skan-Cooke (FSC)17 boundary layer simi-
lar equations and linear stability theory (LST) were used to
analyze the crosswise velocity profiles and to establish a new
amplification factor transport equation for prediction of cross-
flow instability. Fig. 1 shows a series of crossflow velocity pro-
files of 45 swept wing in various pressure gradients calculated
by FSC equations. In Fig. 1, g is the non-dimensional distanceFig. 1 Crossflow velocity profiles on swept wings.normal to the wall, w the non-dimensional crossflow velocity
and bH represents the Hartree pressure gradient.
For the transition equations coupling with turbulence
model, the qualities of the SA model, in particular its
turbulence-suppression function used in conjunction with
user-specified trip lines, allow transition to be included without
the addition of an intermittency transport equation.15 This
stands in contrast with the widely implemented transition
framework of Langtry and Menter6–8, which uses such a trans-
port equation.
Finally, it is desirable to apply the two amplification factor
transport transition equations (including NTS and NCF equa-
tions) to the SST turbulence model. A turbulent kinetic energy
production term18 was chosen without using an intermittency
transport equation so that the two amplification factor trans-
port equations are coupled with SST turbulence model for
transition prediction of 3D aerodynamic configuration.
2. Amplification factor transport equation modeling
2.1. New NCF amplification factor transport equation governing
equation
With the study of Coder’s model15, the approximate envelope
methods of Gleyzes et al.19 and Drela and Giles20 simplify the
eN method by tracking only the maximum amplitude of the
most-amplified frequencies and assuming linear amplitude
growth with locally self-similar boundary-layer development.15
Using the approximate envelope method for analysis of cross-
flow stationary vortices, the envelop amplification factor NCF
of the crossflow instabilities is determined as
NCF ¼
Z s
s0
dNCF
dRedCF
 dRedCF
ds
ds ð1Þ
The integrand characterizes the spatial growth rate of the
instability and depends entirely on the local boundary-layer
shape factor and crosswise displacement thickness RedCF. Sim-
ilar to NTS equation, the crosswise amplification factor trans-
port equation is proposed:
@ðqNCFÞ
@t
þ @ðquiNCFÞ
@xi
¼ Pn;CF þ @
@xi
1
rn;CF
ðlþ ltÞ
@NCF
@xi
 
ð2Þ
The source term Pn;CF of this equation is a function of
streamwise shape factor H12 calculated by a local pressure gra-
dient parameter HL through the Falkner-Skan profiles. The
coefficient of diffusion term rn;CF is equal to 1.0. In Eq. (2),
l and lt are laminar viscosity value and eddy viscosity value
respectively. The source term Pn;CF is
Pn;CF ¼ qXfkFcrit;CFNgrowth;CF
dNCF
dRedCF
ð3Þ
where X is the absolute value of vorticity, q the density, fk the
control function, fk ¼ exp½ðRT=2:0Þ20, RT the viscous ratio,
RT ¼ lt=l. The function Ngrowth,CF of source term Pn;CF is a
combination of correlations to describe the shape-factor
dependency of the local boundary-layer growth rate in the
crosswise direction. This function is defined as in Eq. (4) and
obtained by the FSC velocity profiles. It relates the inflection
of local crossflow velocity along the streamwise pressure gradi-
ent HL and streamwise shape factor H12.
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ds
¼ DðH12ÞMðH12ÞLðH12Þ ð4Þ
where the three parts of function Ngrowth,CF were similar to
that of Coder’s model, but they were fitted afresh for crossflow
velocity profiles.MðH12Þ and LðH12Þ were fitted to describe the
growth of the crosswise displacement thickness in Falkner-
Skan-Cooke boundary layers. The DðH12Þ correlation has been
developed as the damping function and relates the crosswise
displacement thickness using the FSC similarity velocity pro-
files. They are all functions of streamwise shape factor H12
and expressed as
DðH12Þ ¼ 265:9 expð1:579H12Þ þ 4:826 expð0:02374H12Þ ð5Þ
MðH12Þ ¼ 46:88H412  470:9H312 þ 1770H212  2950H12 þ 1842
ð6Þ
LðH12Þ ¼
1:232H312  10:5H212 þ 28:96H12  25:96
H12 < 2:59
1:037H312 þ 8:844H212  24:39H12 þ 21:86
H12 P 2:59
8>><
>>:
ð7Þ
The Fcrit;CF function of source term Pn;CF is used to deter-
mine the unstable position of crossflow instability mode in
boundary layer and defined as
Fcrit;CF ¼ 1 exp  Rez
Cm H12ð ÞRedCF;0
 Cz" #
ð8Þ
where the constant Cz = 10.0, Rez ¼ qUCFdl . For swept wing, the
crossflow velocity UCF is calculated using the formula
UCF ¼ U sinD and the angle could be given by
D ¼ Kc  Kþ KG where KG is the geometry sweep angle,
K ¼ arctan tanKGﬃﬃﬃﬃﬃﬃﬃﬃ
1Cp
p the local sweep angle, and Kc is given by
arctanðv=uÞ. In preceding formulas, Cp is pressure coefficient,
u and v are Cartesian velocity components in the x- and z-
directions respectively. These variables are illustrated in
Fig. 2 which contains the velocity normal to the leading edge
Uc, the velocity component in the span-wise direction Ws,
the velocity at boundary layer edge Ue, the stream-wise com-
ponent velocity U and the crosswise component velocity W
(corresponding to UCF). Using this method, the crossflow
velocity UCF could be calculated locally. If the configuration
is complex, the redefined coordinate system method proposedFig. 2 Solution of local crossflow velocity.by Choi and Kwon21 could be used here to calculate the new
swept angle under assumption that there is no pressure gradi-
ent in the spanwise direction.22 Furthermore, the local flow
velocity is used to define the reference coordinate system
instead of the external potential flow direction, which could
be adopted to estimate crossflow velocity UCF approximately.
RedCF;0 is the critical crosswise displacement thickness Rey-
nolds number. dNCF
dRedCF
is the development slope of NCF calcu-
lated through the FSC velocity profiles and linear stability
theory in infinite swept status which is in spatial pattern.
Because the traveling crossflow mode is prone to dominant
appearance in the presence of larger freestream disturbances,
the stationary crossflow vortices is the major mode of swept
wing in high fight altitude or low turbulence intensity tunnel.
So the stationary mode is the key point of our research. For
infinite swept wing, the time amplification rate xi is 0 and
the spanwise disturbance amplification rate bi is 0 according
to the Mack’s method.23 Also both the frequency f and xr
are 0 for the analysis of crossflow stationary vortices. So the
calculation is simplified to a great extent. b is the spanwise dis-
turbance wavenumber. A series of b was used to calculate the
critical crosswise displacement thickness Reynolds number and
the slope of most unstable disturbance wave for each shape
factor H12. The function CmðH12Þ is obtained by the FSC
velocity profiles.
CmðH12Þ ¼ 3:669 105H19:6912 þ 0:7138 ð9Þ
dNCF
dRedCF
¼ 20:69 expð2:794H12Þ þ 0:002859
 expð1:231H12Þ ð10Þ2.2. Application to k-x SST turbulence model
From Refs.24,25, DNS data demonstrates that all small vortices
are generated by multilevel shear layers, not by vortex break-
down in the transition region. This is a new theory to explain
and analyze the development of boundary layer transition. So
it inspired the authors that the intermittency factor is not nec-
essary to be used to govern the transitional flow. The intermit-
tency factor could be replaced by other suit methods. From
Ref.18, we can use the ft2 function to be a suitable algebraic
substitute to the transported intermittency factor. The new
amplification factor equation was coupled with SST turbulence
model by the new production term for turbulence kinetic
energy k equation:
Ptransition ¼ F1;newct5ltS S
ðlvÞ2
qj2d2ðlþ ltÞ
" #
ft2 ð11Þ
where
ft2 ¼ ½1 expð2FonsetÞ expðct4v2Þ ð12Þ
Fonset ¼ maxðNTS NTS;crit;NCF NCF;critÞ ð13Þ
The constant ct5 = 0.5, ct4 = 0.05 and j= 0.41. S is the
absolute value of strain rate, d the distance to the nearest wall
and v the modified eddy viscosity ratio18:
lt
l
¼ v
5:23
v4:23 þ 7v3:23 þ 255 ð14Þ
Fig. 3 Predicted skin-friction distribution along streamwise
section of upper surface of NACA64(2)A015 infinite swept wing.
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F1;new ¼ max F1; exp  qy
ﬃﬃﬃ
k
p
120l
 !824
3
5
8<
:
9=
; ð15Þ
The critical value NTS;crit ¼ 8:43 2:4 ln Tu100 proposed by
Mack23 and it is recommended that NTS,crit could be limited
to nine in general applications for both numerical reasons.
The fact that NTS,crit = 9.0 works well for engineering pur-
poses when there is very low freestream turbulence. For the
crossflow amplification factor, the critical value of NCF,crit var-
ies from 6.5 to 8.0 and usually 7.0 is chosen.
2.3. Final equations
The present model (named NTS + NCF model) consists of a
transport equation for TS waves, a new transport equation
for crossflow stationary vortices, and the equations for turbu-
lence kinetic energy k and specific dissipation rate x which are
modified from the SST k -x eddy-viscosity model and all of
which are listed as follows:
@ðqNTSÞ
@t
þ @ðquiNTSÞ
@xi
¼ Pn;TS þ @
@xi
1
rn;TS
ðlþ ltÞ
@NTS
@xi
 
@ðqNCFÞ
@t
þ @ðquiNCFÞ
@xi
¼ Pn;CF þ @
@xi
1
rn;CF
ðlþ ltÞ
@NCF
@xi
 
@ðqkÞ
@t
þ @ðqujkÞ
@xj
¼ ltS2  bqkx Ptransition
þ @
@xj
ðlþ rkltÞ
@k
@xj
 
@ðqxÞ
@t
þ @ðqujxÞ
@xj
¼ aS2  bqx2 þ @
@xj
lþ rxltð Þ
@x
@xj
 
þ 2ð1 F1Þqrx2x 
@k
@xj
 @x
@xj
The NTS model is composed of the transport equation for
TS waves and the equations for turbulence kinetic energy k
and specific dissipation rate x. All of the variables in the tur-
bulence kinetic energy k equation and specific dissipation rate
x equation can be found in the Ref.9.
3. Presentation of results
In the present work, an in-house structured Reynolds averaged
Navier–Stokes solver is used as the baseline flow solver. The
solver is capable of analyzing two- and 3D configurations in
either time accurate or steady-state simulations using a variety
of discretization schemes and time-marching algorithms. The
spatial discretization involves a semi-discrete finite-volume
approach. Upwind-biasing is used for the convective and pres-
sure terms, while central differencing is used for the shear
stress and heat transfer terms. Time advancement is implicit
with the ability to solve steady or unsteady flows. Multi-grid
and mesh sequencing are available for convergence accelera-
tion with the message passing interface (MPI) parallelization
computation. In this work, all of the transition prediction
results are obtained by using the amplification factor transport
equations coupling with the SST turbulence model.3.1. NACA64(2)A015 infinite swept wing
The new amplification factor transport equation was applied
to another infinite swept wing flow. The NACA64(2)A015 infi-
nite swept wing test case was experimentally investigated by
Boltz et al. in the Ames Research Center26. The freestream tur-
bulence intensity of the wind tunnel is very low. Hence, 9.0 is
chosen for the NTS,crit value.
The swept angle of 40 and the angle of attack a= 1
were chosen for validation. The transition locations were mea-
sured at Mach number Ma= 0.27. Reynolds number Re var-
ies from 4.8  106 to 7.3  106 in the wind tunnel. The number
of grid elements in the wall-normal direction is 61; the chord-
wise resolution is 121 cells on either wing side. Here, y+(1) of
the cell next to the wall is smaller than 1.0.
The grid sensitive study of NCF equation was performed
here to demonstrate the robustness of the new transition
model. In this test, Reynolds number is 7.3  106. The baseline
grid is the mesh whose maximum y+(1) is close to 1.0, referred
to as the ‘‘fine” grid, with ‘‘medium” and ‘‘coarse” grids gen-
erated by successively controlling the maximum y+(1) close
to 2.0 and 5.0 respectively. The development of skin friction
coefficient Cf on upper surface for the three grids is plotted
in Fig. 3 that the horizontal ordinate x/c indicates the normal-
ization location of section airfoil. The plotted curves show only
a small difference in the transition location between the coarse
and medium grids and show almost no difference between the
medium and fine grids. The medium grid is therefore regarded
as producing grid converged solutions. The lack of significant
variation between the medium and fine grid solutions shows
that true grid convergence is possible with this transition
model and that continued refinement does not deteriorate
the solution quality.
In this case, two critical values 7.0 and 7.5 were tested for
these predictions, and it can be seen that NCF,crit = 7.5 got bet-
ter transition locations in Fig. 4. For details, at the Reynolds
number of 7.3  106, the pressure coefficient Cp and skin fric-
tion coefficient Cf of upper surface are plotted in Fig. 5.
Furthermore, Fig. 6 shows the NCF and turbulence kinetic
energy K contours around the NACA64(2)A015 infinite 40
swept wing at the Reynolds number of 7.3  106. It can be seen
Fig. 5 Pressure and skin friction coefficients of upper surface of
NACA64(2)A015 infinite 40 swept wing at the Re= 7.3  106,
Ma= 0.27, a= 1.
878 J. Xu et al.from the figure that, the transition occurred at near the 24%c
position where NCF increases to 7.5.
3.2. NLF(2)-0415 infinite swept wing
The second case is the classical NLF(2)-0415 infinite swept
wing which has been designed in order to investigate transition
due to crossflow instability. These experiments were performed
in the wind tunnel at Arizona State University27. The free-
stream turbulence intensity of the wind tunnel was about
0.09%, so 8.4 is chosen for the NTS,crit value. The NLF(2)-
0415 airfoil was analyzed with the NTS equations proposed
by Coder. The mesh is similar to that of NACA64(2)A015
wing.
The swept angle was 45 and the angle of attack is 4 for
all related transition experiments. The transition locations
were measured with naphthalene flow visualization technique,
hot wire, and hot film measurements at Reynolds number
varying from 1.9  106 to 3.8  106 in the wind tunnel. Once
the Reynolds number was greater than 2.3  106, the transi-
tion process was assumed to be almost dominated by crossflow
instability. If the equation for TS waves was used here, there
would be a large difference of transition locations between
the experimental data and CFD predictions.
The results of the computations of upper surface compared
with the experiment data are plotted in Fig. 7. The transition
locations are shown depending on the Reynolds number. Com-
putations were performed with the Coder NTS equation and
the present NTS + NCF equation. In Fig. 7, it can be seen that
the results of the present equations are in very good agreement
with the experimental data. Nevertheless, compared to the
Coder’s NTS transition prediction method which almost
became invalid for these status, the results of NTS + NCF
equations are very promising. Fig. 8 shows the pressure coeffi-
cient and skin friction coefficient on the upper surface of NLF
(2)-0415 infinite swept wing at the Reynolds number of
3.27  106 and Mach number of 0.209. Fig. 9 illustrates the
pressure coefficient, skin friction coefficient and the streamli-
nes on the upper surface of NLF(2)-0415 infinite swept wing
at the Reynolds number of 3.72  106 and Mach number of
0.238, which validate the accuracy of simulation of crossflowFig. 4 Transition locations on upper surface of NACA64(2)
A015 infinite 40 swept wing.instability induced transition on swept wing compared to the
experiment data.
3.3. ONERA-M6 swept wing and ONERA-D infinite swept wing
Finally, the new amplification factor transport equation was
tested to the ONERA-M6 wing and the ONERA-D infinite
swept wing which was experimentally investigated in the
ONERA S2Ch low-speed wind tunnel.28,29Fig. 6 NCF and kinetic energy contours of upper surface of
NACA64(2)A015 infinite 40 swept wing at Reynolds number of
7.3  106.
Fig. 7 Transition locations on upper surface of NLF(2)-0415
infinite swept wing.
Fig. 8 Pressure and skin friction coefficients of upper surface of
NLF(2)-0415 infinite swept wing at Re= 3.27  106.
Fig. 9 Pressure and skin friction coefficients of upper surface of
NLF(2)-0415 infinite swept wing at Re= 3.72  106.
Fig. 10 Laminar and turbulent regions on upper and lower
surfaces of ONERA-M6 swept wing.
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tapered wing with an aspect ratio of 3.8 and a taper ratio of
0.562. The leading edge sweep angle is 30 and the trailing edge
sweep angle is 15.8. At the 25% line of the wing, this results in
a sweep angle of 26.7. The design of the wing was based on a
symmetric airfoil using the ONERA-D section perpendicular
to the 40% line. For ONERA-M6 wing experiment, the value
of freestream turbulence intensity (FSTI) of the wind tunnel is
about 0.2%. Measurements were performed at Ma= 0.262
and Re= 3.5  106. The angle of attack varying from 0 to
15 were measured in the wind tunnel.
Fig. 10 shows the depiction of the laminar and turbulent
surface regions from the test showing the naphthalene distribu-
tion on the wing. For details, Fig. 11 shows the transition loca-
tions of lower surface at the spanwise position zs/b= 0.45 for
different angles of attack on the lower side of the wing. For the
numerical results, the transition locations were determined at
the minimum of the skin friction coefficient distribution in
the given spanwise wing section. The results show that the
application of the SST + NTS + NCF model improves the
accuracy of predicted transition location significantly. For an
angle of attack of 5, NCF contour and kinetic energy contour
of the spanwise section zs/b= 0.45 are shown in Fig. 12. It can
be seen from the figure that the transition occurred near the
32%c position of the lower surface where NCF increases to
6.0. This transition location is very close to experiment data
and prediction accuracy is significantly improved compared
with Langtry’s transition model.Fig. 11 Transition locations for lower surface of ONERA-M6
swept wing at zs/b= 0.45.
Fig. 12 NCF and kinetic energy contours of spanwise section
zs/b= 0.45 of ONERA-M6 swept wing at a= 5.
Fig. 13 Transition locations for upper surface of ONERA-D
infinite swept wing.
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bulence intensity of the wind tunnel was about 0.2%. The
angle of attack is a ¼ 6. The two Reynolds numbers,Re ¼ 1:0 106 and Re ¼ 1:5 106 were chosen to be mea-
sured in the wind tunnel. The swept angle varies from 0 to
60 and several swept wings due to crossflow instability were
used to validated the present model here. In Fig. 13, the tran-
sition locations for the ONERA-D wing for the NTS + NCF
model are given in comparison to the experimental data. In
addition, the NTS equation for TS waves was plotted, even
though it is not designed for 3D transition phenomena. For
all computations using different transition prediction methods,
the Menter SST k-x turbulence model was used. Compared to
the experimental data, there are deviations of the computed
results, but compared to the original NTS amplification factor
equation, the results are very satisfying and promising.
Attention should be paid to the NCF,crit here. For ONERA-
M6 wing and ONERA-D infinite swept wing, NCF,crit = 6.0
could get a better results and NCF,crit = 7.0 would lead to a
delayed transition position, so the value of NCF,crit was cali-
brated empirically.
4. Conclusions
The four-equation model has been established by two amplifi-
cation factor transport equations for TS wave instability and
crossflow instability transition incorporating linear stability
theory based on the approximate envelope method and the
SST turbulence model. The new model was confirmed by tran-
sition predictions of the infinite NACA64(2)A015 4 swept
wing, NLF(2)-0415 infinite swept wing and ONERA-M6 wing.
(1) Solutions obtained for infinite swept wing and M6 wing
using SST-NTS-NCF model agree well with experimental
transition characteristics. The critical value of NCF
might influence the position of transition and it was cal-
ibrated empirically to get a better result. As is known to
all, it can be found in many wind tunnel experiments
that the critical values of NCF are case-sensitive. So it
still needs to be researched further.
(2) These favorable comparisons lend confidence in the
transition equation, demonstrating that the intermit-
tency factor equation could be supplanted by the new
turbulent kinetic energy source term for interfacing
between the transition and turbulence models.
(3) The development functions of crossflow instability are
all obtained through the crossflow stationary vortices
conditionally, so it still needs to be enhanced further
for traveling waves.
In the future, the transition model as presented will be
developed and applied to more complex aerodynamic configu-
rations at high Reynolds number transition predictions and be
extended for supersonic flows.
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